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Abstract

We consider a linearly elastic composite medium which consists of an homogeneous matrix containing a crack
and a homogeneous and statistically uniform random set of ellipsoidal inclusions; the elastic properties of the matrix
and the inclusions are the same, but the stress-free strains fluctuate. We obtain the estimation of both the statistical
average and the conditional average of stress intensity factors. The relations for the second statistical moments of
stresses in the vicinity of the crack tip, averaged over the ensemble realization, are proposed as well. A method for
construction of the effective strength surface of matrix composites, according to the properties of their components
is developed. The expression for effective energy release rate is also derived. The fracture probabilities of separate
components are calculated. © 2000 Elsevier Science Ltd. All rights reserved.
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1. Introduction

In ceramic materials a common source of internal stresses is the thermal expansion anisotropy (Al,O3)
or the thermal mismatch (Si—SisNy4) in the components, as well as a phase transformations (ZrO,). In
some cases (for example during cooling from the fabrication temperature), residual stresses are large
enough to produce microcracking along grain boundaries or macrocrack propagation (Cutler and
Vircar, 1985; Luo and Stevens, 1993). The strength calculations of the composites serve as examples of a
nonlinear problem. Although significant advancement has been archived with respect to disorder and
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nonlinearity separately, the situation becomes quite complex and interesting when both are important.
Since the widely used Mori-Tanaka method of average deformation allows one to estimate only average
stresses in components (see, for references, Buryachenko, 1996), it is evident that they are used for
linearization of functions describing nonlinear effects, such as strength (Arsenault and Taya, 1987,
Reifsnider and Gao, 1991). This can lead to qualitatively wrong conclusions, because of significant
inhomogeneity of the stress field in the components (especially in the matrix), which will be shown in the
present paper by an example of a composite with isotropic components.

The exact solution is possible for deterministic structure by means of numerical methods. Composites
with regular structure (Evans, 1987, 1989; Fu and Evans, 1985; Tvergard and Hutchinson, 1988) and
modifications of self-consistent scheme models (Laws and Lee, 1989) among them are only two-
dimensional and, often the clastic anisotropy is neglected. Although these regularization theories allow
detailed stress calculations (for instance local stress intensity factors for flaws in the real interface can be
derived), they do not seem suited to describe the real three-dimensional and stochastic microstructure of
polycrystals.

A significant advance has been made in the study of residual stresses by the Monte-Carlo method of
numerical simulation of the random structure of materials (Ortiz and Suresh, 1993; Nakamura and
Suresh, 1993). Because of the long computing time, two-dimensional models of composites with a
special random structure are used. The numerical simulation points to the fact that the spatial
distribution of components has a significant effect on the local stresses. Therefore, these methods do not
seem suited to predicting the strength of three-dimensional random structures.

Another direction of residual stress research is directly related to the derived exact relation for second
statistical moment of stress averaged over volume of the composite of some special structure if one
neglects the nonhomogeneity of elastic constants (see for references Buryachenko, 1999b). This second
stress moment is given the name covariance matrix by Ortiz and Molinari (1988). They assumed that the
residual stresses at each point are normally distributed and used a standard method of calculation of
microcrack formation under random loading.

The study of macrocrack propagation in composite materials is of immediate interest to industry. The
problem of interaction between a crack tip and a source of internal stress (which is given an Eshelby
transformation of its stress-free state) is discussed by a number authors (see, for references, e.g. Rice
and Pohanka, 1979; Stump and Budiansky, 1989; Rice, 1985). A considerable number of papers are
concerned with a study of crack-microcracks or crack-microinclusions interactions (appropriate, but by
no means exhaustive, references are provided by the review of Kachanov, 1993; see also Cutler and
Vircar, 1985; Taya et al., 1990; Chudnovsky and Wu, 1993; Nemat-Nasser and Hori, 1993; Bover and
Ortiz, 1993). As this takes place, a variety of simplification are used: two-dimensional problem, regular
structure of the microdefect field, approximation of microcrack array by a ‘soft inclusion’, weak
interaction between microinclusions, numerical simulation of inclusion distribution with subsequent
solution of the determinate problem.

Previous analyses in fracture mechanics have not usually focused on the influence of the statistical
effects of residual stresses. But it becomes obvious that, because of random residual stresses, the energy
release rate at a tip of crack is also random. With the simplifying assumption of an elastically
homogeneous plane with a macrocrack, the random finite set of inclusions is modeled as an elastic
continuum within which the deterministic stress-free transformation has a magnitude equal to a
statistical average of the random transformed field (McMeeking and Evans, 1982; Budiansky et al.,
1983; Lambropoulos, 1986). Taking into account the stochastic nature of the problem being analyzed
and Monte Carlo simulation, Lipetzky and Kreher (1994) considered a two-dimensional problem with a
macrocrack inside the random field of residual stresses.

In the present paper, we consider a linearly elastic composite medium, which consists of a
homogeneous matrix containing a crack and a homogeneous and statistically uniform random set of
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ellipsoidal inclusions; elastic properties of matrix and the inclusions are the same, but stress-free strains
fluctuate. We obtain the estimation of both the average and conditional average of stress intensity
factors. We show that, at least for an infinite statistically homogeneous field of transforming inclusions,
the proposed method leads to a valid result (average stress intensity factor equals zero), which cannot be
applied for practical purposes. The relations for statistical second moments of stresses in the vicinity of
crack tip averaged over ensemble realization are proposed as well. We show a fundamental difference
between the estimations of statistical moments of stresses for an infinite inclusion field and for an
arbitrary large (but finite) inclusion cloud. The case of regular structure of the inclusions is discussed as
well.

Of course the composite can be considered as a medium with an infinite number of randomly located
elements under random loading of each one. In this case the problem of fracture calculations becomes
rather complicated although phenomenological methods of its approximate solution are well known (see
Bolotin, 1993; Sobczuk and Spencer, 1991), and will not be pursued in this paper. In the present paper,
a simple method of strength and fracture calculations is proposed which can be employed in the
micromechanics of composites and is based on the use of a random character of stresses within
components. As an example of this method one shows the influence of random character of residual
stresses on the probability of fracture of composites.

2. Interaction of the crack and inclusion in an infinite matrix

Let us consider a penny-shaped crack with radius R€, center x°=(0, 0, 0) and unit normal n=(1, 0, 0)
to the crack surface S in an infinite elastic body. It is well known that the problem of a linear elastic
solid with a crack under remote loading o(x) has the same stress intensity factors as the problem with
the crack faces loaded by traction t(s)=—n(s)o(s) (s € S) and stresses vanishing at infinity. This loading
generates a singular stress components o ahead of the crack tip zeI'¢

o(x)~J(0. 2)//p, ()

where p = mingere|x —s| is a minimum distance between x and crack tip I'¢, z = arg mingcr<|x —s|; (p, 0)
are the polar coordinates of the point x with the origin of the polar coordinates located at the point z.
J(0, z) is a tensor stress intensity factor, which is connected with the usual stress intensity factors (SIF)
K(z)

Ki(z) = J1;0, V27, (j =1, 2, 3). 2)

In so doing, the axes of the local system are labeled to agree with mode number designations for
stress intensity factors K; (j = 1, 2, 3) (see Rice, 1989) and K(z) = (K,(z), K»(z), Ks(2)" = (Ki(z), Ku(2),
Kin(z))" are defined by the integral

K(z) = L k(z, s)t(s)ds (3)

over surface s € S from the crack-face weight functions k(z, s), for which, one may observe that
symmetry requires ki, =kj3 =k, =ko3=k;3; =k3,=0; the tensile mode crack face weight functions, ki,
and the shear functions, k>, and k33, are given by Rice (1989) and Gao (1988). For simplicit’y sake, with
the following calculations, we will formally define J(0, z) in the form of Eq. (3):
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where g(0, z, s) is called of as tensor crack-face weight vector-function. By virtue of the fact that in
linear fracture mechanics, usually only the SIF Eq. (3) plays an important role, it is not necessary to
know all components of the third rank tensor, g(6, z, s), which do not coincide with the corresponding
components of k(z, s) Eq. (3).

For a penny-shaped crack in an isotropic medium, the relations of K(z) Eq. (3) may be significantly
simplified. We will use the solution by Fabrikant (1989), who showed that the representation Eq. (3) can
actually be expressed in the convenient complex form. Kachanov and Laures (1989) eliminated the
singularities in the proposed integrals by way of transfer to the new coordinate system; these
representations are shown in Appendix A with the corrections of some misprints.

Let us consider an infinite medium containing a crack S and an inclusion v; with stress-free
transformation jump B,(x), x € v; under remote loading by the homogeneous stress field, ¢ = const.
Then the remote loading and the inclusion effect on a crack may be replaced by means of a traction t(s)
on a crack surface se S,

t(s) = —n(s)|:o'0 + J I'(s — X)Bl(x)dx], (5)

where the integral operator kernel, I'(x—y) = —L[Io(x—y)+ VVG(x—y)L], is defined by the infinite-
homogeneous-body Green’s tensor G of the Lamé equation of an homogeneous medium with elastic
modulus tensor L. Hereafter, the integration in the volume integrals are carried out over the whole
space.

The Eq. (5) can be rewritten in more compact form

t(s) = t(s, vi, X;) = —n(s)[ 6 + Ti(s — x;, B))¥i ], (6)

Ti(x — xi. By) = 77" J T(x — y)By (1) Vi(y)dy. ™

For x € v; we will use additional notation:
Qx. By = ~Tix = x By)is = — | Tx= 9B Vi(x)dy. x € v ®)

(see Buryachenko, 1999b for details; as well as Buryachenko and Rammerstorfer, 1999). _

For the ellipsoidal homogeneous incision B(x) = B(I’) =const., the tensors Q;(x, B;) :QiB(l’), T(x — x;,
BQ:T,-(X—X,-)B(]’) are known (see, e.g. Buryachenko and Rammerstorfer, 1997).

After that, the values of the SIF K and tensor SIF J produced by both the remote loading and a
single inclusion v; can be estimated by the use of Egs. (3) and (4):

K(z, vi, x;) = K°(2) + K'(z, v;, x;), )

J(05 z,v;, Xi) = JO(G’ Z) +J1(05 z, v, Xi)a (10)

respectively, where

K!(z, v;, x; E—J g(z, sin(s)Ti(s — x;, B;)dz (11)
S
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1
J(0, z, v, x;) = —J g(0, z, s)n(s)T;(s — x;, B;)dz, (12)
N

and the superscript ‘0’ denotes SIFs in the untransformed body (B = 0) subjected to the given external
loading o°. Hereafter, the superscript ‘1’ stands for the residual stress generated SIFs (also called the
internal SIFs). K'(z, v, x;) and J'(0, z, v, x;) identify the impact of a single isolated transformed
inclusion v; on the SIF and the tensor SIF, respectively.

3. The average and conditional mean values of SIF for isolated crack in composite material

Let a penny-shaped crack of radius R® with center x°=(0, 0, 0) and unit normal n=(1, 0, 0) be
located in an elastically homogeneous composite with a statistical homogeneous field of transformed
inclusions v; (i = 1, 2,...). In the subsequent presentation, we will make use of the following definition
for some functions f(o, t, J, K). The notations, f(x|v;, x;) and f(x|S, v,, X;), denote the values of the
random function f of the surrounding inclusions at the point x, under the condition that the inclusion, v;
with center x;, is fixed (in the absence of a crack) and under the condition that the inclusion v; and the
crack S are fixed, respectively. The notations (f(x)|v;, x;) and (f(x)|S, v;, x;) are used for the conditional
averages of appropriate random variables taken for the ensemble of a statistically homogeneous ergodic
field X=(v;). An added sign ‘;’ in the conditional average (f(x)[;v; X;) denotes the case X ¢ v;.

The stress field in any point x is defined by the superposition of the external loading ¢ and by the
perturbation generated by both the transformed inclusions and by the crack

o) = o + j T(x — YIBiY) — (By)ldy + J(0. /. (13)

The expected value of the right-hand-side integral in Eq. (13) over the ensemble realization vanishes
(| Tx =B - Bk =0, (14)
and the expected value of the tensor K is defined by Eq. (3),
(K(2) = | Ktz )09 (15)

where the expected value of the traction (t(s)) may be found by the use of Eq. (14),

(ts)) = —n(S){GO + (J (s —y)B:i(y) - (Bl)]dY)} = —n(s)c’. (16)

Thus the expectation value of SIFs K coincides with the stress intensity factor K°(z) for an isolated
crack inside the infinite medium without residual stresses:

(K(z)) =K'(2). (17)

This result is an exact one and does not depend on the microtopology of statistically homogeneous
composites, this is a consequence of a self-equilibrium of internal residual stresses (o) (x) = o. It is
obvious that the use of this estimation makes no sense for strength calculation. The applications of Egs.
(15) and (16) do not seem suited to strength calculations because the fracture takes place at a particular
point in the vicinity of a crack tip. This point may be located inside either the matrix or in an inclusion.
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Therefore, for the fracture analysis of composites, the estimations of conditional averages, either
(K(z)|v;, x;) or (K(z)|vy, Xo), under the conditions that either the center of the inclusion v; or the matrix
vo are located in the point x; or xq, respectively, are preferred over the average (K(z)).

Let us locate an arbitrary inclusion v; with the center x; alongside the crack. Then the stress field
o(x|S, v; X;) in any point x can be decomposed into

G(X|S’ Vi, Xi) = Gac(xlviy Xi) +J(0’ Zlvia XI')/\/—’ (18)

where o®°(x|v;, x;) and J(0, z|v,, X;) are determined by the actions of the inclusions and the remote
loading (in the absence of a crack), and by the crack provided that there is a fixed inclusion v; with the
center Xx,. The indicated terms may be found by the use of the formulae

(x|, x,) = &° +J T(x — x,)[B1 (%) V(v %:) — (By)1ds. (19)

t(svi, x;) = —n(S){GO + J L(s — xp)[B1(xp) V(xp| i Xi) — (Bl>]d5}, (20)

in conjunction with Eq. (4). Here, V(x,|v; X;) is a random characteristic function of an argument x,,
under the condition that the inclusion v; with center x; is fixed.
To estimate of conditional average of Eq. (18),

(o (xS, vi, X;)) = (o™ (X)|vi, X;) + (J(O, z|vi, X)) //P> (21)

over the ensemble realization of the surrounding inclusions, we start with an evaluation of the
conditional average (¢*(x)|v;, X;).

Averaging Eq. (19) by the use of the conditional probability density ¢(v,, X,|v; X;)=0d(x,—X;) + ¢(v,,
X,|;vi, X;) leads to

(6“(X)|vi, x;) = 6" + Ti(x — x;, B))¥i + J[Tp(x —Xp, BV, 0V, Xplivi, Xi) — T(x — x,)(By) Jdx,.  (22)

Here, it is necessary to recognize two cases of the location x: x € v; and X ¢ v;, Here and below, for
formula simplifications, we will use the assumption of a special composite structure (see Eq. 3.14 in
Buryachenko, 1999b), which includes the case of statistical isotropy of composites. Then in the first case,
when x € v;,, we obtain

(6™ (X)|v;, x;) = 6 + Q:(B;) — Qix, By). (23)

If the relevant point, x, lies outside the fixed inclusion v;, Eq. (22) can be used. As can be seen from
Eq. (22), the range of the action of surrounding inclusions v, (p # i) is localized in the neighborhood of
fixed inclusion v; that is, the so-called locality principle (see, e.g. Buryachenko and Lipanov, 1986a,
1986b).

We now turn our attention to the analysis of the case when the point considered x, is located inside
the matrix vy. Analogously with Eq. (22), we find

(o™ (x)|vo, X0) = o’ + J[Tp(x — Xp, Bl)‘jp(P(pr X,l3v0, xo) —I'(x — Xp)(Bl)]dxp~ (24)

In a similar manner, the estimation of the conditional expectation of values (t(s)|v;, X;} and (t(s)|vo, Xo)
may be derived:
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(tS)|vi, x;) = —n(s){co + Ti(x —x;, By)vi + J[Ti(x —Xp, BV (v, Xplivi, Xi)
(25)
— T — %,)(B1)]dx, }

(£65)1;v0, X0) = —n(s){csO + J[Tp(x — X0 BT 0(. Xy l:v0, X0) — T(x — x,)(By) ]dx, } (26)

When calculation of the right-hand-side integrals in Eqs. (25) and (26) is carried out, it is necessary to
test the possible locations s with respect to the inclusion v,: s € v, or s ¢ v,, that can be calculated with
ease.

After finding the average conditional tractions on the crack face described by Egs. (25) and (26), we
obtain the final result for the conditional expectation of values of both SIFs and the tensor SIFs:

K@), xs) = L Kz, )(t6)]vy, x/)ds 27)

30, 2)]vs. %) = L &0, 7, $)(K($)]vs. x)ds, (28)

respectively. Hereafter, to shortening the representations, the subscript J = 0, i (i = 1, 2,...) indicates the
location of the point x; inside either the matrix vy (J/ = 0) or the inclusion v; (J=1i; i = 1, 2,...); in so
doing, To(x—xXq, B1) is taken as zero.

It is interesting to note that the conditional average stresses inside each component in the absence of a
crack i =1, 2,...)

()= o+ Q,((B)) — BY)) (29)

1< i
="t 53 OB~ iy . (30)

do not depend on either of the conditional probability densities, @(v,, X,[;v;, X;) or @(v,, X,[;v0, Xo), of
the inclusion arrangement. At the same time, according to Egs. (25) and (26), the conditional average of
SIFs (Egs. (27) and (28)) are explicitly expressed in terms of ¢(v,, X,/;vi, X;) and @(v,, X,|;vo, Xo). For x;,
Xo at infinity far from the point at the crack tip, Eqs. (27) and (28) lead to the vanishing results,
(K'@)v;, x)=(K"(@)vy, Xo) = (K'(z)) =0, and the mean stresses inside each component are defined by
Egs. (29) and (30).

4. Conditional dispersion of SIF for a crack in the composite

To obtain the conditional second moment of the SIF and, consequently, the stresses in the
neighborhood x € v; of the crack tip, it is necessary to take the tensor product of Eq. (18) into o(x|S, v;,

X;),
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S(xIS, vi, ;) ® o(x|S, vi, X;) = [ (x|v;, x;) + J(0, 2lvi, x;)//p]
31)
® [o™(x|vi, xi) + J(0, z|vi, 2:)//p].

Averaging Eq. (31) over the ensemble realization in terms of Egs. (24) and (26) leads to the
conditional expectation of Eq. (31), composed from three terms

(o(x]S, vi, X;) @ 6(X|S, v;, X;)) = Ino + Loy + Ino. (32)

The first term, I,(, is determined by the second moment of stresses in the point x € v; in the absence of
a crack (Eq. 4.3 in Buryachenko, 1999b)

I = (6 ® 6%)i(x) = (¢); ® (6%); + J[Tp(x —Xp, BV ] ® [Tp(x — X5, B1)Vy ]

_ - 33
X §(vp, X l5vi, X;)dx +j J[Tp(x — %), B1)7p] ® [Ty(x = X4, BT ]0(v,. Xyl %)) 33)
X [@(vgs Xgl5vps Xp3vis Xi) — (Vg Xgl3vi, X;)]dX, dX,.
The second term, I,; Eq. (31), as opposed to Iy, has a singularity, p -2
LiJ/p = (6%)(x) ® (J(0, 2)|vi, x;) + (J(O, 2)|v;, X;) ® (G“)(x); + J{[Tp(x — X, B1)7p]
® Jl(ea z, vpa Xp) +J1(6’ z, Vp» X[)) ® [Tp(x - Xpa Bl)ﬁﬁ] }@(Vﬁa Xp';via X[)dX[7
(34)
+ J{[Tp<x = %5, BT @310, 2. v, %) + (0, 2, vy, %) @ [Ty(x = X, B1)7 ] o0, X105 %))
X [@(vgs Xgl3vps Xp3vis Xi) — @(vg, Xgl5vi, X;)]dx, dX.
Finally the third term, I, Eq. (32), has a singularity, p ~",
IZZP = (J(B’ Z)|Vj, Xi) ® (J(Q, Z)|Vi: Xf) + J J1(0> z, Vps Xp) ®J1(09 Z, Vps X[J)q)(vps Xp';vis Xi)dxp
(35)

+ J J Jl(e’ z, Vp, XP) ®Jl(69 z, an Xq)(/)(vpa Xp|;V[, Xi)[(P(v([a Xq|;Vpa Xp;via Xi)
- QD(an X(]l;via X,')]qupr.

The third term, I, Eq. (32), is most important for the application to fracture mechanics because Eq.
(32) is a conditional elastic energy, and the contribution of I,y and I,; to Rice’s integral (Rice, 1985)
equals zero. It is interesting to compare the relation I,y Eq. (33) and I, Eq. (35). The first terms in the
right hand sides of Egs. (33) and (35) are defined by the conditional averages of stresses in the absence
of a crack Egs. (29) and (30), and by the conditional average of the principal part of the stresses in the
neighborhood of the crack tip Eq. (21). The second and third terms on the right hand sides of Eqgs. (33)
and (35) are less trivial; they are the conditional covariance matrix of corresponding values.

If the matrix is located in the vicinity of a crack tip, then the covariance matrix of the principal part
of the stresses Eq. (13) can be derived in much the same way as Eq. (35)
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[ 1
<6(X|S7 VOa XO) ® 6(X|S7 VO’ XO))p = (J(es Z)lVO, X0> ® <J(95 Z)|V0’ XO) + J J (95 Zs vps Xp)

® 310, 2 vyr X)D(rps Xpliv0. X0}, + J JJ‘(H, 2. vy %) ® 36, 2. vy, xy) (36)

X QD(V[M Xp, [;vo, XO)[@(Vq» Xy, |;Vps X):Y0, Xg) — §0(an Xq|;VOa Xo)] qu pr,

where (J(0, z)|vy, Xo) can be found in a manner like Egs. (26) and (29).

After the production of Egs. (35) and (36), it is an easy matter to obtain the conditional second
moment of SIF (K(z|v;, x;) ® K(z|v;, x,)), (K(z|vg, Xo) ® K(z|vy, X¢)) for x; and xq are infinitely far from
the crack tip. Evidently, SIF does not depend on the coordinate of the fixed point (K(z|v;, x;) ® K(z|v;,
x;))— (K(z) ® K(z)) = const.#2K’(z) @ K’(z) and (K(z|vo, Xo) ® K(z|vo, x0))— (K(z) ® K(z)) = const.#
K°(z) ® K°(z), respectively.

5. Statistical moments of arbitrary orders for the tensor SIF

The estimation method of the second moments of the tensor SIF (Egs. (33) and (36)) is used to
evaluate the statistical moments of any order of the tensor SIF. For example, for the third order
moment, we take the tensor product of Eq. (31) into o(x|S, v;, X;), X€v;,

o (xS, vi, X;) ® o(x[S, v, X;) ® 6(x|S, v;, X;) = [6*(X|v;, ;) + J(0, z|vi, X;)//P]
(37)
® [ (x|vi, Xi) + J(0, 2z|vi, x1)//p] @ [*(X|vi, x;) + J(0, zlvi, x:)//p]-

For simplicity’s sake, only the binary interaction of the inclusions are taken into account for the
integral equation Eq. (37). When one averages Eq. (37) over realization of the ensemble inclusions with
regard to Eq. (32), we obtain

(o(x|S, vi, X;) ® o(x[S, v;, X;) @ o(X|S, v;, X;)) = I30 + I31 + I3p + L33, (38)

where the terms I3, (¢ = 0, 1, 2, 3) have the singularities, p —al?,

The therm of greatest practical utility is a principal part of stresses I33 which can be represented in the
index form (Voigt’s notation k, [, m = 1,..., 6)

Lskm = p {0, 2)vi, Xi) @ (J10, 2)vi, X;) ® (Ju(0, 2)|vi, X;) + AT3(0, 2lvi, X;)
& (Jn(0, 2)|vi, X;) + AJ3,,(0, Z|vi, X;) ® (Ji(0, 2)|vi, X;) + AT 7,0, Z|v;, X;) (39)
® (Jk(0, 2)|vi, Xi) + AT3,,(0, zlvi, X:) },

where, taking Eq. (32) into account, the tensor AJ*(0, z|v;, x,) is defined by both the double and triple
correlation functions of the inclusions,

AJ2(09 Z|Vi, Xi) = J Jl(ea Z7 Vp, Xp) ®J1(97 Za an Xq) : (z)(v]h Xp';v()a Xo)dxp + J J Jl(g) Z7 Vp, Xp)
(40)

1 . . . .
® J (95 z, an xq)(P(Vpa xpa |,V(), XO) : [(P(an Xqv |av[7’ X[h Vo, XO) - (p(qu Xc]|7v09 XO)]dxq dxp~

The following approximation for the tensor AJ*(, z|v; X;) can be obtained by taking into account
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only the binary interaction of inclusions
AJ3(99 Z|V,’, Xi) = J J](Qo z, vpz Xp) ®J1(09 z, Vpa Xp) ®J1(07 z, Vpa Xp) ® (p(vpa Xpl;viy Xi)dxp' (4])

The omitted terms in Eq. (41) have the second order of smallness over c.

It is interesting to compare a Gaussian distribution and distribution law of real stresses inside the
inclusions. Let the notation 4%(e®... ®e) = (e®... Re)—(e°R... ®e®) denotes the difference of the
moments of the real random variable (e®... ®e) and its Gaussian approximation (€°®... Re%), having a
Gaussian probability density with the first and second statistical moments of the random variable e. We
will consider a dissimilar 4S(J(0, zlvy, x;) ® J(O, z|v, x;) ® J(O, z|v;, X;)) between the Gaussian
distribution (JS(0, zv;, x;) ® J°(0, z|v;, x;) ® J°(0, z|v;, x;)) and the distribution of the real tensor SIF in
the same manner as statistical stress moments inside the components have been analyzed in the
preceding paper (see Eq. 5.9 in Buryachenko, 1999b). The comparison of Eq. (39) with the third
statistical moment of the Gaussian distribution gives

AS(J(0, zlvi, x;) @ (0, zlvi, X;) ® J(0, zlvi, X)) = AT (0, z|v;, X;). (42)

Similar reasoning shows that in the framework of binary interactions of inclusions, the principal part
of a correction of n-th order to the Gaussian approximation, (J(0, z|v;, x,)[®J°(0, z|v;, x)I" ~ "), can be
represented as

AS(J(0, z|vi, x)[QJ(O, z|v;, x))"™) = AT'(0, z|v;, x;) = J JY0, z, Vp, Xp)
(43)

X [®J1(9’ Z, Vp, Xp)]nil(p(vpa Xpl;via X,‘)pr.

If in Egs. (39), (40), (41), (42) and (43), the index i is changed to 0, we will obtain the pertinent results
for the statistical moments of the tensor SIF under the condition x, X € v.

6. Crack in a finite inclusion cloud

Within a wealth of practical problems, there is a need for an analysis of the finite inclusion field. So
the high stresses in the vicinity of macroscopic crack induce a transformation toughening of zirconia
(ZrO,) inclusions embedded in a matrix of non-transforming ceramic. When ZrO, particles are
unconstrained by the surrounding matrix, their transformation from tetragonal to a monoclinic crystal
structure can be decomposed into a volume expansion of 4% and a shear of about 16% (Budiansky et
al., 1983; Lambropoulos, 1986). This transformation, in turn, alters the stress distribution near the crack
tip. In this connection, we will consider the case of a statistically inhomogeneous inclusion field, when
number probability density is a function of current coordinate and equals zero outside of some domain
w i with characteristic function W,

Then, in much the same manner as Buryachenko and Parton (1990a, 1990b), and Wang (1990), one
can obtain a general equation for random stresses at any point in the absence of a crack (denoted by
the superscript ‘ac’)

o*(x) = 0 + J I'(x — y)By (¥)dy (44)
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6“(x) = (6")(x) + J I —yIB:(y) — (B1)(y)ldy. (45)

Here, the average stress (6°°)(x) # o°, in contrast to the statistically homogeneous structure, and can
be defined by the relation

(0*)®) = o + j T'(x - ){B1)(¥)dy. (46)

Hereafter, the notation ((-))(x) denotes the statistical average in the point x over the ensemble
realization of the statistically inhomogeneous inclusion field. If (B;)(y) = (B;) =const. in some finite
domain w'™, Eq. (46) may be simplified to

()09 = "+ | Tlx =y )y ). @7)
If besides, wi is an ellipsoid with the center x™™, then

(6°)(x) = { c’ — Q(w™)(B). X € wiin .

0.0 + Tfin (X _ Xfin)<ﬁl )ﬂ/,fin, Xé Wfin

where T™(x—x™) and Q(w ™) are defined by Eqs. (7) and (8) with replacement of v; by w'™.

From comparison of Eqgs. (19) and (45), we see that the analysis of the finite inclusion cloud w™ is
formally reduced to the replacement of 6” on the determinate terms (6°°)(x) in Eq. (45). Of course, as
this takes place, the number probability density, ¢(v; X;), and the conditional density, ¢(v,, X,[;v;, x;),
determining the values of the right-hand-side integrals in Eqs. (45) and (46), are functions of a
coordinate x; and are not invariants with respect to translations x; — x;+y.

Thus we obtain the estimations for both the average SIFs and the average tensor SIFs

(K(2) = K((6*), 2) = —L K(z. $)n(s)(c*)(s)ds. (49)

30, 2)) = J((5™), 0, 2) = —JS &0, 29n(s)(6™)(s)ds. (50)

For example, for the crack tip inside the statistically homogeneous inclusion cloud wf", having an
ellipsoidal shape, we have

(K(z)) = K'(z) — JS k(z, s)n(s) W(s)dsQ(w™") (B, )- (51)

This reproduces the known results from the two-dimensional models developed in the literature on
transformation toughening of ceramics (McMeeking and Evans, 1982; Lambropoulos, 1986; Stump and
Budiansky, 1989). Eq. (51) does not depend on the microgeometric structure of he composite and is
correct for the case when the distance between the crack tip and the cloud boundary is large enough.

However, the local distribution of the stresses near the crack tip plays a crucial role in linear fracture
mechanics. Because of this let us now turn to the estimations of conditional expectation values of both
the SIF and the tensor SIF. With this aim in view, the conditional expectation of stress values can be
found in much the same way as Eqgs. (22) and (24)
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(6™ X®)|vs, x7) = (6™)(x) + T,(x — x;, By)vs + J[TP(X —Xp, BV, (v, X,l3v, X)) 5
52

— T'(x — x,)(B1)(x)) ]dx,.

where the subscript J = 0, i (i = 1, 2,...) indicates the location of the point X inside either the matrix, vq
(J = 0), or the inclusion, v; (J=1i; i = 1, 2,...). Contrary to Egs. (22) and (24), the right-hand-side of Eq.
(52) consists of both the average stresses, (6°°) # o’ estimated above by Eq. (46) and the
macroscopically inhomogeneous deterministic tensor, (B;)(x,), describing the statistical inhomogeneous
transformed field. Substituting Eq. (52) into Eq. (4) gives the conditional expectation of the value of the
tensor SIF

<J(99 Z)|VJa XJ) = (Jﬂu‘:t(gb Z)|V.Ia XJ) + (J((Gac)a 09 Z)), (J: 09 lsl = 17 29 .. ‘)9 (53)

where the average tensor SIF (J((6°), 0, z)) # J°%0, z) is estimated by Eqgs. (46) and (50) for the
macroscopically inhomogeneous cloud w'™ with the deterministic transformed field (B;)(x). The
fluctuating constituent term (Jﬂ“Ct(O, 7)vy, x;) (J =0,i;i=1,2..) is defined by the formula

I, z)|v,, x;) = _L g(0, z, s)n(s){TJ(x —xy, By)vs + J[Tp(x —Xp, B1) - p(vp, Xplivs, X5)
(54)

— T(x — x,)(B))(x,) ]dx, }ds

and formally coincides with a similar representation for a statistically homogeneous infinite inclusion
field, although at the considered juncture, the probability densities ¢(v;, X;) and ¢(v,, X,;v,, x,) (J = 0, i
i =1, 2,..) are insensitive to translations.

Repeating the derivation of Egs. (35) and (36) gives the covariance matrix of the principal part of the
conditional average stresses in the components (J = 0, i)

1 1
<6(X|S) VJ, X./) ® G(X|Sa VJ, X./)) = ;(J(05 Z)lVJ, XJ> ® (J(G’ Z)|VJ’ XJ> + ; J JI(G’ z, VP’ Xﬁ)
I : 1 I 1 ) (55)
® J (93 z, V[h X[J)(p(vpa Xplsvfa XJ)pr + ; J (69 z, Vpa Xp) ® J (99 z, an Xq)(/)(vpa Xp|,Vj,

XJ) . [(P(Vq: Xq|;vpa Xp Vs XJ) - (P(an Xq|;VJa XJ)]qu pr,

where (J(0, z)|v;, x;) is defined by Eq. (53), and JN0, z, v, X,) describes the impact of a single isolated
inclusion on the stress distribution in the vicinity of a crack tip Eq. (12). As can be shown in a concrete
numerical example, the conditional average (o|v;, x;)(x) for x € v; = wi® can differ significantly from the
statistical average (o)(x), which leads to all the more difference between estimation obtained by use of
the popular Eq. (50) as compared to the more accurate Egs. (53) and (55).

7. Crack in regular inclusion field

At the present time, high-efficiency numerical methods are developed for calculation of effective
properties and stress distribution inside composites of regular structures (see, as an example, the survey
in Walker et al., 1990; Bensoussan et al., 1978). It turns out that for elastically homogencous
composites, the noted problem can be solved simply and exactly in the context of the theory at hand in
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conjunction with Buryachenko and Parton (1992a, 1992b) (see also Buryachenko, 1999a). In fact, let us
consider a spatial grid of ellipsoidal inclusions with the same form, orientation and stress-free strains
which are located in the nodes of this grid. Suppose e, (kK = 1, 2, 3) are linearly-independent vectors of
the principal period of the grid, so that any node x; may be represented in the form

3
Xi= Y mie (i=1,2,..), (56)
k=1

where m) are integer-valued coordinates of the node x; in the periodic basis (e;). Then the general
equation for the stresses Eq. (45) in any point x, in the absence of a crack, will take the form

o*(x) = 6" — Q;(x, B)) + QW™ (B;) + Y Ty(x — x;, B (57)
i#]

for xev; and

6“(x0) = &" + Qw™)(B;) + Z Tj(xo — X}, B1)¥ (58)

at X € v. In Eqs (57) and (58), we take into account that Xx; coincides with the center of some ellipsoidal
domain w'™, which contains a reasonably large number of inclusions; x lies inside the periodic cell Q;3
v;. In Egs. (57) and (58), the summation is over all x;¢ wiit in view of X; #X; in Eq. (57); the form and
the size (for a sufficiently large size of the domain w ﬁn) have no influence on the calculated stresses (Eqs.
(57) and (58)).

After obtaining the periodic determined stress field, 6*°(x) (Egs. (57) and (58)) and therefore t(s), SIF
can be found by the use of Eq. (3). Of course in the determinate case being analyzed, 4J(0, z|v;, x;)=0.

8. Effective limiting surfaces of composite materials

8.1. Effective strength surface

Let us assume that the tensor—polynomial strength criterion is defined for each component, i.e.
o) =M+ M6 @c)+M*Vc®c®0c)+... =1, (59)

where i = 0,1,..., and the second-, fourth- and sixth-rank tensors of strength I, I* and I° are
expressed through technical strength parameters for different classes of material symmetry (Theocaris,
1991; Jang and Tennysin, 1989).

Note, that a common way to produce effective strength of a surface is substitution of the component
average stress values into Eq. (59) (i = 0, 1,...) (Arsenault and Taya, 1987; Reifsnider and Gao, 1991)

IT*(0) = max [IT""(c), + T*V((0); ® (5),) + T*V((6); ® (0); ® (0),)) +...] = 1. (60)
i
As this takes place, the strength criteria in Eq. (60) brings us to physically inconsistant results, which

will be shown later.
It seems that the following definition of effective surface strength will be more correct
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(o) = max [IT*7(c); + M*P(c ® 6); + M) (c @6 ®0); +... | =1, 61)
i
where the estimations of average stress moments of different orders, (o), (c® G);,, (c® c® c); (i = 0,
1,...), can be found by use of the relevant formulae from Buryachenko (1999b).
If the possibility of interfacial fracture is taken into account, the macrostrength criterion can be
express in the following form (i = 0, 1,...)

(o) = max{l'[ % ((0)), max max [niﬁ)(c*(n))x + M (6~ (n) ® 6~ (n)),
i n (62)
T Mo M) M), +... ] } —1,

where (¢ (n)),, (6 (n) ® 6 (n)), and (¢ (n) ® ¢ (n) ® ¢ (n)), are the statistical moments of limiting
stresses within the matrix near the inclusion boundary x € dv;, with the unit outward normal vector n
(Eq. 5.14 in Buryachenko, 1999b). Generally speaking, the adhesion strength parameters, Hfl(i), Hfl(f)
and IS differ from IM**), T*" and M.

Let us show the physical consistency of the effective strength criterion (Egs. (61) and (4)) (in contrast
to Eq. (60)). In fact, let us consider a two-component isotropic composite with isotropic ones. In this
case, one may observe that symmetry requires that the average stresses inside both components will be
hydrostatic; one (gx); = (ok)o(1 — ¢)/c = o?lék/; in so doing, the microstructure of, and the method of
calculation of, the average stresses inside the components (for example, Eq. 3.8 in Buryachenko, 1999b;
or any other formula) influence the value of the scalar ¢);, but have no effect on the tensor structure of
the fields, (o) and (o);. Then the composite strength is dictated by the strength of the component
which is to be found under conditions of hydrostatic tension and is not determined by the strength of
the second component. If the strength of the second component falls far short of the strength of the
first, we will obtain improper prediction of composite strength. In fact, according to Egs. 4.5 and 4.15 in
Buryachenko, 1999a, 1999b, the average values of the second deviator invariant inside each component
(ss); # 0 (s = 0xy—0,01/3; 1 = 0, 1,...). Therefore, the composite strength is defined by the strength of
the second, weaker component at the cost of the fluctuations of the stress deviator.

8.2. Effective energy release rate of an isolated crack in the composite

Let us consider a penny-shaped crack of radius R€ with center x°=(0, 0, 0) and unit normal n=(1, 0,
0) to the crack surface S in an infinite elastic homogeneous medium. The energy release rate may be
defined by means of K= (K, K>, K3)T

J=AK®K), (63)

where, for the general anisotropic, material the matrix A; (i, j = 1, 2, 3) is symmetric (see Barnett and
Asaro, 1972; Rice, 1989). For an isotropic material, the matrix A;; Eq. (63) is diagonal

A= 'diagl —v, 1 —v, 1). (64)

The energy release rate, ¢, could alternatively expressed as a path-independent line J” Rice’s integral,
which is invariant with respect to the integration along an arbitrary path encircling the crack tip (see,
e.g. Nied, 1994; Wilson and Yu, 1979).

The energy rate ¢ provides a means to introduce a crack propagation criterion on a physical basis: a
crack can propagate if the potential energy released per unit area of newly created crack surface exceeds
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the work which is consumed in creating this new amount of surface. The fracture criterion that will be
used for the remainder of this work is therefore based on the equality

S =I=2, (65)
where 7y is called the fracture surface energy. For homogeneous external loading, the equation
J=2 (66)

defines the surface of the second order, in a six-dimensional space, of stresses o. In particular, for a
penny shaped crack with radius R, Egs. (5) and (66) turn into

2 2
20 =vR | , 2 s [2(1 —v) } > )
- (‘711+|:2_v1| Tt |5, | =2y, (67)

(see, e.g. Murakami, 1987). Thus, we have obtained the strength criterion Eq. (67) in terms of Eq. (59),
in which the strength tensor IT* is a function of the size and orientation of the crack. This analogy
permits the use of the strength calculation method of composites developed in Section 8.1.

Let us consider a crack within a statistically homogeneous inclusion field. At first glance, it would
seem that it is possible to define the first approximation to an estimated effective energy release rate
JZ*(z) by means of SIF

S(2) = A(K(2)) ® (K(2))) = AK(z) ® K'(2)), (68)

where the equality follows from Eq. (17) and indicates that the residual stress generated, #x(z) (at o° =
0) is very much determined by stress fluctuations in the vicinity of the crack tip.
Use of a conditional SIF is expected to be more correct (k = 0, 1,...),

#7(2) = max max f (K@i x)()/7® = 2() (69)
J (K@) v, i) = A[(K@)|vie, i) @ (K(2)| vk, X1) ] (70)

where the multiplier (y) is introduced for the purpose of preserving the conservation of the
dimensionality of #*. This multiplier is used for the case 3@ > y@ (vi = 1, 2,..., N); otherwise the
multiplier (y) should be replaced by the factor (1/y).

Eq. (69) is based on the concept of the weakest link. The mixture rule can be realized by the use of
the total probability formula,

N
7@ = (1= QK@ xDD A+ D" /1 | AKDIn x,)

m=1

(71)
® <K(Z)|Vm> Xm) V,zn(xm)dxm = 2<V)a

where V7 designates a characteristic function of the inclusion v,, with the center z; Eq. (70) has been
outlined for spherical inclusions and can be used as an approximation in the general case.

However, at this time, we can calculate the second conditional moments of SIF and, therefore, it
would appear reasonable that the generalization of Egs. (69) and (71) is (k = 0, 1,...)
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JH2) = max maxfromxi{ (@) v, xc) (1) /7 = 2(y) (72)

N
J(@) = (1= I@Ivo, %) 1)/ + D ()n® J<f(z)|vm, Xon) V2, (%)%, = 2(), (73)

m=1
respectively, where k = 0, 1,..., and
(J (@), xic) = AK(z|vi, xi) @ K(z|vie, X)) (74)

can be found from the formulae for the second stress moment in the vicinity of a crack tip (Egs. (32)
and (36)); in so doing, only the singularity terms proportional to degree —1 in p are taken into account
in the calculation of (_#(z)|v«, Xi) because, according to Wilson and Yu (1979), the contribution of terms
with the lesser singularity equals zero.

It should be noted that the energy release rate is a nonlinear function of SIF and SIF, in turn, is a
random value. A schematic representation of Egs. (69) and (70) is based on the assumption (Z|v,,
x5)=2({Kl|vs, x;)) (J =0, i; i = 1, 2,...) which produces a large error as the SIF dispersion increases.
For analysis of stress fluctuation effects, we will define a fluctuation part of both the expectation and
conditional expectation of values of the energy release rate (J =0, ;i =1, 2,...)

47(2) = (S (2)) — J((K(2)) (75)

A4 (zlvy, x7) = (J@)|vs, X;) — F(K@)|v), X1)), (76)

where the terms in the right-hand-side of Eq. (76) are determined by Egs. (74) and (70), respectively.
Taking Eq. (68) into account, the second term of the right-hand-side of Eq. (75), #({K(z))) is defined
only by the remote stresses: #((K(z)))=_#(K%z)). Moreover, in conformity with the Jensen inequality
for the convex function, # = _#(K), we have the following inequalities: 4 #(z) >0 and 4 _#(z|v,, x;) = 0.
Here, the equalities take place if and only if the inclusion fields are deterministic.

8.3. Dilute concentration of microcracks

For simplicity’s sake, we assume that microcrack concentration is dilute and the interaction between
microcracks can be neglected; in principle this reciprocal action can be estimated by use of the
multiparticle effective field method (see Buryachenko and Lipanov, 1986a, 1986b; Buryachenko and
Kreher, 1995) with some additional hypothesis. We will take into account the stochastic character of the
stresses generated by the random inclusion field. Of course, the microcracks may come into being at any
location (inside inclusions, the matrix and/or inclusion boundaries); but according to a large body of
experimental research (Cutler and Vircar, 1985; Tvergard and Hutchinson, 1988; Luo and Stevens,
1993), the microcracks come into existence at grain faces. For the sake of definiteness, we will assume
that the microcracks have a penny-shaped form with R < a and centered near the inclusion surface.
The geometrical microstructure of the composite is taken to be isotropic and, therefore, the microcrack
orientation can be selected in an arbitrary way, say, n=(1, 0, 0)", with the center x of an inclusion. The
microcrack size is closely connected with the inclusion dimensions and we assume that it is the same as
the grain face. Then the microcrack radii R, expressed by means of inclusion radius a by application of
the relation R® = 2a/,/n; (see Ortiz and Molinari, 1988), where n¢ is the number of faces per grain and
varies between nine and eighteen; for a tetradecahedra, as an example, n = 14 and therefore R°=0.53a.

At first, we consider the microcrack S which is located throughout inside the inclusion S < v;. Then,
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for estimation of the conditional energy release rate, (#(z)|vi, x;), one can use Eq. (73) previously
obtained. However, another location of the microcrack is of more practical significance. This is a case
when either part of, or the whole microcrack is inside the matrix. For this purpose, it is necessary to
evaluate at least the two-point conditional statistical moments of stresses o(x|S, vi, Xi; Vg, Xg), Where
point X, coincides with the point z of a crack tip I'“. The relations for the condition average, (a(x|v;, X;;
vo, Xg)) and for the conditional second moment, (o(x|S, vy, X;; Vo, Xo) ® o(X|S, vy, X;; Vg, X)), can be
easily found using Egs. (25) and (36), through the interchange of the binary correlation function ¢(v,,
X,|;v1, X;) with a triple one, ¢(v,, X,/;v1, Xi; Vo, Xg). In a like manner, it should present no problem to
analyze the situation when the microcrack is located completely inside the matrix near a fixed inclusion.

9. Scheme of simple probability model of composite fracture

The proposed strength and fracture criterion (Egs. (62), (72), (73) and (74)) are based on the
determination of the conditional averages (H(k )(0')) and (Z@)|vy, x5 (k=0,1,..., N; J=0,ii=1,
2,...), respectively. In fracture mechanics, for random loading, another approach is known. One of these
methods is based on the calculation of the distribution, Fy(y), of some fracture parameter Y (see, e.g.
Bolotin, 1993). Such a parameter can be identified with different nonlinear functions of local stresses.
For example, for Y=I1%)(c) Eq. (59), we have a critical value yi'=1; in a similar manner in fracture
mechanics, for Y= _#(K), we have y"'=2y. Thereafter, the first-order estimation of the fraction of
fractured component f (or grain faces) is calculated as

S=1=Fy(p. (77)

Usually, the approach assumes that the damage density is small enough so that the interaction of
fractured elements is negligibly small.

For simplicity, the stress distribution within each component is assumed as a six-dimensional
Gaussian one, with distribution function (ng)(c), 6=(01,..., 0¢)'. Then pertinent damages (or the
fracture probability of the component) can be defined by the relation (Bolotin, 1993) (k = 0, 1,..., N)

fO=1- J d®® (o), (k=0,1,..., N). (78)

In a similar manner, the probability of a crack propagating at the point z € I'%, located either in the
matrix or inclusion v, (k = 0, 1,...) can be calculated as

£ Ol x) =1~ | 409Kl ). (19)
where one assumes a three-dimensional Gaussian distribution of SIF with the expectation value (K(z)|v,
x.) Eq. (27) and the covariance matrix

AK(z]ve, x0) = (K(z|ve, x0) ® K(zlve, 1)) — (K(@)|vie, X¢) @ (K(2)|vie, %), (80)

which can be found either by Eq. (32) or Eq. (36).
In the right-hand-side integrals of Egs. (78) and (79), the integral domains are determined by one of
two inequalities (k = 0, 1,..., N)

n®wo)<1 (81)
for Eq. (78) and
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APK K)<2y® or K| <0 (82)

for Eq. (79). By the use of the second inequality of Eq. (82), we assume the impossibility of fracture
under compressive normal loading. The boundaries Eqgs. (81) and (82) are described by the surface of
the second order in stress space in the simple case of a quadratic strength criterion Eq. (59) and an
elliptical plane crack within a homogeneous stress field.

The simplest phenomenological ways of fracture probability calculation for composites (Sobczuk and
Spencer, 1991) are based either on the total probability formula,

N
=3 e, (83)
k=0

or the extreme value distribution,

N
f=1=TJa-r®). (84)
k=0

Ortiz and Molinari (1988) were the first to consider the particular case of this scheme with an
application to random structure composites. By the use of Fourier’s method, they obtained the
estimation for the second moment of stresses averaging over all volume of a composite with elastically
homogeneous properties, but with stress-free strain fluctuations. Because the residual stresses are self
equilibrating, we have 0o = o—(o)=o. Thereupon, Ortiz and Molinari (1988), and Ma and Clarke
(1994) have assumed that the residual stresses are normally distributed with a zero expectation in each
point of the composite. Slight modification of this approach takes into account the average stresses in
the components, which can be estimated by using the exact Eq. (29). Therefore, the definition of the
conditional covariance matrix and probability density function and probability density function are
defined by the formulae (see, for details, Buryachenko and Rammerstorfer, 1998)

szn)n = (leo-mn)i(x) - (le>i<o-mn)ia (85)

- E(glx/_(m\/)i WK a)[/},7,,(g/rzn - <U/11n>[)

Ao’ (60) = (86)

1
e eXp
V2r)N det K70

10. Numerical results

10.1. The first and the second statistical moments of stress intensity factors

As an example, we consider a SizN4 composite with isotropic components L(x)=3k, 2u) =
3kN; +2ulNs, B1=p100, N; =0 ® 8/3 and N, =I-Nj, containing identical SiC spherical inclusions. Based
on the results of Buryachenko (1999b), we assume an elastically homogeneous medium with the elastic
properties of the matrix & = 236.4 GPa, u=121.9 GPa (Young’s modulus £ = 312.1 GPa, Poisson’s
ratio v=0.28), f1o=—1 x 107 and the radius of the inclusions ¢ = 107> m. For the representation of
numerical results in dimensionless form, we define the normalizing coefficient § = —3Qkﬁ10\/a, where
30F equals the bulk component of the tensor Q;= (30X, 20*). The physical meaning of 9 follows from
Eq. (23), according to which, § varies proportionally with the component of hydrostatic stress inside a
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single isolated inclusion in an infinite homogeneous matrix; for our concrete composite SiC/SizNy:
9=0.914 MPam 2. We will estimate the action of the alternative radial distribution function for an
inclusion (r = [x;—x/|)

g(x; —x;) = o(vi, X;l;vj, X;)/n; = H(r — 2a) (87)
and (see Eq. 7.2 in Buryachenko, 1999b),
2+c¢ ¥ 2o—r
i—x)=Hr-2a)1+|——5 —1 = (2=r/a),
g(x; — x;) (r a): + |:2(1 e ]cos( P )}e (88)

In order to carry out the numerical estimates, we will use the expressions of the tensors Q,, T,(x—x,)
(p =1, 2,...), which are presented e.g. by Buryachenko and Rammerstorfer (1997).

At first, we consider one fixed inclusion v, with the center x;=(0, R°+r, 0) near the crack tip z= (0,
RS, 0) eI, SIn=(1, 0, 0), and c’=0. Fig. 1 shows the residual stress generated normalized mode I SIF
Kl(z, v, x1)/9 as a function of the normalized distance r/a from the inclusion center x; =(0, R+, 0)
to the crack tip z, for the different relative sizes of the crack R°=1000a, R°=10a and R°=3a. It can be
seen from Fig. 1 that the variation between the calculated values, K}(z, v, X1)/9, is not more than 4%
for R°=1000a and R =3a under |r| < a; for R°=1000a and R°=10q, this quantity is less than 2% Vr.
Therefore, for R® > 10a, the crack may be considered as a semi-infinite crack; in the following, unless
otherwise specified, we will consider the case R°=100q. It is interesting that if the inclusion is located in
the point r/fa =~ 0.93 (as read approximately from the graphs), it does not initiate a stress singularity
near crack tip Kll(z, v, X1)=0 (in view of the problem symmetry, Klll(z, vi, X1) =K l;(z, vi.x1) =0 Vr).
Hereafter, instances of negative K Il(z, v1, X1)=0 are simply numerical results related to the compression,
and have no physical meaning in the sense of material overlap or penetration. The addition of a remote
loading generating K {(z) will increase the total stress intensity factor, Ki(z, v, x1)=K%(z)+ K | (z, v1,x1),
as stated previously. If in so doing, Ki(z, vi, x;) > 0, then the negative residual stress generated SIF
K (z, v1, x1) has a physical meaning of the shielding (or unloading) effect. For example, at the spacing
rla < —1, the crack-inclusion interaction results in shielding: Ki(z, vi, x;) < K%(z). The impact of the
inclusion on the crack is highly localized in the region [r| < 2a and rapidly becomes negligible at the

1.0

40 -20 00 20 40
Coordinate r/a

Fig. 1. Normalized modes I SIF K }(z,v1,x;)/9 as a function of inclusion localization r for different crack sizes R°=1000a (solid
curve), R°=10a (dotted curve), and R¢=3a (dot—dashed curve).
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further points. This indicates that, in the case of a crack interacting with many inclusions, we can expect
a short-range interaction effect. This seems to imply that the size of the so-called representative volume
element (RVE) will be small enough.

In order to illustrate the method and to examine the influence of the spatial arrangement of the
inclusions, we come now to the evaluation of conditional averages (K'(z)|v;, x,) (J/ = 0,1) Eq. (28). For
the fixed inclusion, the normalized curves (K |(z)|vi, x1)/9 are calculated in Fig. 2. by the use of the step
radial distribution function Eq. (87) and the real one Eq. (88) for ¢ = 0.4. For the matrix located in the
point xo= (0, R°+r, 0), the relevant curve is calculated under the step correlation function,

¢(Vpa X, |;v0, Xp) = H(|Xp —Xg| — a)n(1)~ (89)

Notwithstanding the fact that the conditional average stresses inside each component in the absence
of a crack (¢*); Eq. (29) and (6"%)y Eq. (30) do not depend on the radial distribution function g, it is
evident from Fig. 2 that the significant influence of neighboring order in localization of the inclusions on
the values of (K{(z)|vs, x;)/9 (J = 0, 1). Such strong influence of g on the conditional average SIF is
explained by the essentially nonlinear dependence of SIF on the local stresses near the crack tip.
Moreover, the perturbation generated by surrounding inclusions (K(z)|v; x;)—K(z, v; x;) is a linear
function of the inclusion concentration for the step radial function Eq. (87). Therefore, the normalized
curve, [(KI'(z)lvl-, X;) — Kll(z, vi, X;)]/9¢, is a weak function of v and varies by 1%, at most, for the range
of values 0.2 < v < 0.4. In this connection, it should be mentioned that the analogous two-dimensional
model representation of a two-component material containing randomly fluctuating residual stresses was
analyzed by Lipetzky and Kreher (1994) by the use of the Monte Carlo simulations of the
microstructure with a wide distribution of inclusion sizes. For ¢ = 0.3 and a single case of the fixed
inclusion v, with center x;=(0, R°+a, 0), they evaluated (Klll(z)lvl, x;) =0 and (Kll(z)|v1,
x;) = —0.5 MPa m~2, in conformity with Fig. 2: (Kll(z)|v1, x;) = —0.7 MPam™2.

The curves plotted in Fig. 2 depend on g and v, and are invariant with respect to both another
thermo-elastic properties of components and the size of inclusions as well. From Fig. 2, we see that the
conditional average, (Ki(z)|vy, xo), under the condition of the location in the matrix at the point xo= (0,
R+, 0) is less with respect to the magnitude than the average (Ky(z)|v;, X;) with fixed inclusion in the

0.4

0.0

Average SIF

-0.4

0.8

40 20 00 20 40
Coordinate r/a

Fig. 2. Conditional normalized averages (K {(z)|vi,x;)/$ (solid and dotted curves) and (K !(z)|vo,X0)/9 (dot-dashed curve) calcu-
lated for either the real correlation function Eq. (88) (dotted curve) and the step function Eq. (87) (solid and dot—dashed curve).
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Fig. 3. Normalized SIF fluctuation of mode I [AKIl(zlvk,xk)]]/z/B as a function of either an inclusion location (solid and dotted
curves, k = 1) and the matrix location (dot—dashed curve, k£ = 0) calculated for either the real correlation function Eq. (88) (dotted
curve) and the step function (Egs. (87) and (89)) (solid and dot—dashed curve, respectively).

point x;=(0, R°+r, 0). It turns out that the relative placement of the curves for the SIF fluctuations
AK(z) vy, x1) = (KX (2) v, Xi)— (K(2)|vi, x> (k = 0,1) is interchanged.

For zero remote loading (c” = 0) in Figs. 3 and 4, the normalized curves [AK 3(z|vk, x)]2/9~r/a (i
=1, II; k = 0,1) are plotted for the step radial function Eq. (87) and the real one Eq. (88) (the similar
results take place for i = III, £ = 0, 1). Analogous results for the matrix located in the point x¢=(0,
R°+r, 0) represent for the case of a step correlation function Eq. (89) only. We see that the fluctuation
of the mode II SIF (and the mode III SIF as well) are not equal to zero, although there is a symmetry
of the problem being analyzed and, therefore, (K Ill(z|vk, X)) = (K Iln(z|vk, X;)) =0 at o=0. It is clear
that the reason why the conditional fluctuations of the SIF under matrix cracks are materially greater
than fluctuations of the SIF with the fixed inclusion. Really, these values defined by the action of
surrounding inclusions v, (p = 2, 3,...), but the distances from the center x,, of the nearest inclusion v,

0.35
1

0.30

0.25

Fluctuations of SIF

0.20

-

40 20 0.0 2.0 4.0
Coordinate 7/a

Fig. 4. Normalized SIF fluctuation of mode II [AK]‘I(z|vk,xk)]l/2/.’J (the notation of Fig. 3).
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(p = 2, 3,..) to the fixed point x, (J/ = 0, 1) are differ among themselves: |x,—x;|=2|x,—Xo|. The
minimum of 4K f(z|v 7, Xy) (i = 1, II, III; J = 0, 1) occurs for the location of the fixed point near a crack
tip z. For the remote field points, Kz(z\vj, X;) — const. # 0 under |x;—z| — oo (J = 0, 1). For the step
radial functions Eq. (57) 4K*(z|v;, x;)/c does not depend on the inclusion concentration. Recall that
because the crack size is constant and at the estimation of (K'(z)|v;, x,), the influence of the remote
loading equals zero, the randomness of the stress intensity factor is not a result of any intervention by
an external effect, but rather a direct result of the many possible residual stress states. As a consequence,
thoe fluctuations of SIFs AK*(z) # 0, in spite of the exact results (K(z)) = K%z), as well as (K(z)) = 0 at
o =0.

Let us consider the crack tip inside a finite random cloud of inclusions. For the sake of definiteness,
the cloud being analyzed has a form of a ball with center x™™=(0, R°+ ™ 0) and radius «™; inclusion
concentration equals a constant in the cloud @(v;, x;)=c, x;, € v Then (K(z)) may be estimated by the
use of Fig. 1, by replacing @, x; and By by ™, x"™ and ¢P,,, respectively. It is easy to perceive that, for
a sufficiently large cloud, in general |(K(z))|>|(K(z)|v;, x;)™ Vx; and the SIF fluctuations are negligibly
small quantities compared with (K(z)). But from Fig. 1, we notice that there is a point r " 2~ 0.9341",
for which (K(z))=0 and the conditional averages and the fluctuations formally coincide with the
analogous values found for the infinite random field of the inclusions, see Eqs. (54) and (55).

It should be mentioned that Figs. 1-4 were plotted in the dimensionless form by the use of the
normalized coefficient 3. The curves obtained above depend only on Poisson’s ratio v and are invariants
with respect to both the other thermoelastic properties of the components and the inclusion size. But for
the range of values 0.2 < v < 0.4, the calculated curves for both the conditional averages and
fluctuations of SIF vary 0.5% at most for mode I and 4% for modes II and III. For 0.05 < v < 0.49,
the normalized values may differ by 10%. In so doing, the stress fluctuation [4 Gi(x)]l/ 2/9 (k = 0, 1) can
vary even more drastically (see Buryachenko, 1999b). It seems difficult to justify such small variations of
the normalized conditional averages of SIF and SIF fluctuations inside the practically important range
0.2 < v < 0.4. But it is because of this fact that such figures may be used for analysis of the wide class
of elastically homogeneous composites with the microtopology of transformed inclusions studied here.

10.2. Effective energy release rate

For representation of the numerical estimations of ( #(z)|v,;, X;) and 4 #(z|v;, x;) (J =0, i=1, 2,...)
in dimensionless form, we define the normalized coefficient 6 = (1—v)3%/(2u) and a dimensionless
parameter &=2y/0, where v is a Poisson’s ratio. According to Eqgs. (23) and (67), the coefficient 6 is
proportional to the energy release rate for a single penny-shaped microcrack with radius R=a within
an isolated spherical inclusion in the infinite homogeneous matrix. For example, in line with Section
10.1 the composite material SizN4—SiC with SiC spherical inclusions may be considered as an elastically
homogeneous material with the parameters k = 236.4 GPa, u=121.9 GPa, f,0=—10">, a = 107> m, y(x)
=y=7x 102 MPa m; therefore, in this concrete case 0=2.47 x 107 MPa m, ¢=5.67 x 10%.

Below, the numerical estimations for different average energy release rates will be obtained in the
form of normalized curves by the use of coefficient 0. These curves are defined only by microtopology of
the material and have a weak dependence on v. We will represent the calculation only for v=0.28
(composite SisN4—SiC) and will estimate the boundaries of its variation under the change of v. Similarly,
the fracture probability of composite will be represented as a function of &, depending on the material
microtopology and Poisson’s ratio. For simplicity’s sake, only the binary interaction of the inclusions
will be taken into account.

At first, we analyze #((K(z)|vi, x4)) (k = 1, 0; 6° =0) Eq. (69) as a function of the location of either
the inclusion (k = 1) or the matrix (kK = 0) at the point x;=(0, R°+r, 0). As a consequence of problem
symmetry, (K 1(z)|vi, xi) = (K112, x¢) =0 Vx,=(0, R°+r, 0) (k = 0, 1) and, therefore, #((K(z)|v,
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X)) = J((Ki(z)|vi, xi)) is defined only by mode I SIF. Then, for example, at r/a < —1, we have
(K1(z)lvix1) < 0 (see Fig. 2) and the location of the inclusion leads to the reduction of #((K(z)|v1, X1))
(shielding effect). The curves calculated for v=0.28 vary in value no greater than 1%, according to the
changes in v through a range 0.05 < v < 0.49.

We are coming now to the estimation of the fluctuation part of the conditional average energy release
rate A #(z|v;, x;) (J =0, ;i =1, 2,...) Eq. (76). In Fig. 5, the curve 4_#(z|vy, X¢)/0 is calculated for the
location of the matrix in the point X, under the step correlation function Eq. (89) and ¢ = 0.4. In the
case of the fixed inclusion, the relevant curves are obtained for the distribution function (Egs. (88) and
(87)), respectively. From Fig. 5, we notice that the fluctuating component of 4 _#(z|v,, x;)/0 for the
localized matrix (k = 0) in excess of the fixed inclusion (kK = 1). For the case of binary interaction of
inclusions 4 _#(z|v,, x;)/0 (k = 0, 1) is a linear function of the inclusion concentration ¢ if the step
correlation functions (Egs. (87) and (89)) are used.

It is of interest to estimate the comparative contribution of the normal A_¢"°(z|v,, x;) and shear
A 7 (z|vi, x) stress fluctuation to 4 #(z|v, Xi) = A 7™z|vi, xi)+ A7 z|vy, xi). From Fig. 6, it is seen
that the normal component A_#"°(z|v, x;)/0 is congruent with the shear component 4 #*"(z|v., x;)/0,
for the case of the step radial functions, Eq. (87) (k = 1) and Eq. (89) (k = 0). Moreover, A_#*"(z|v;, Xx)
> A #"°(z|vy, Xi) over the regions —1 < r/a < 1 (k = 1) and r = 0 (k = 0), which arouses considerable
interest in actual practice. The curves plotted for v=0.28 vary in value no greater than 0.5% for the
normal components and 4% for the shear components, according to changes in v through a range 0.2 <
v < 0.4; the curves calculated exchange places within 0.05 < v < 0.49 by, at most, 1% and 10%,
respectively.

Now let us consider a microcrack near and inside a fixed inclusion for the step correlation function
Eq. (87) and ¢ = 0.4. We assume that crack tip z is inside the the matrix if z lies outside the fixed
inclusion v;. We analyze the location of the the inclusion v; with center x,=(0, R°—a+r, 0)" near the
microcrack SIln=(1, 0, 0)T with center R® < a and center x°=(0, 0, O)T; other arrangements of the
inclusion v; near the microcrack can be considered in a similar manner. The value r = 0 corresponds to
the case when the crack tip z belongs to the inclusion boundary. The curves (#(z|v,, X;))/0 and
J((K(z)|v, x1))/0 are plotted in Fig. 7 for different sizes of microcracks R°=a and R°=0.53a. It can be
seen that the values of ( #(z|v;, X;) vary slightly inside the region 0 < r < 24 until the crack tip intersects
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Fig. 5. Fluctuation part of the conditional average of the energy release rate A_#(z|vi, X, )/0 under fixed matrix (dotted line, k& = 0)
and fixed inclusion for real distribution function Eq. (88) (solid line, £ = 1) and step one Eq. (87) (dot—dashed line, k = 1).



4234 V.A. Buryachenko | International Journal of Solids and Structures 37 (2000) 4211-4238

1

0.4

1

Fluctuagié)ns of ERR

40 20 00 20 40
Coordinate r/a

Fig. 6. Normal 4 #"°(z|vi, x;)/0 (solid and dotted lines) and shear 4_#(z|v, x)/0 (dashed and dot—dashed lines) components of
energy release rate 4 _#(z|v, x,)/0 for fixed matrix (dotted and dashed lines) and inclusions (solid and dot—dashed lines).

the inclusion boundary; thereafter, ( #(z|v|, x;) (determined primarily by the mode I SIF) will decrease
rapidly. In the example considered, we obtain (Ki(z)|v;, x;) < 0 within the regions r < —0.06a
(R°=0.53a) and r < —0.11a (R°=a). Therefore, the values of the energy release rate have no physical
meaning inside the regions indicated. As one may have expected, smaller values of (#(z|v;, Xi)
correspond to smaller microcracks R¢=0.53a (scale effect).

We turn our attention to the prediction of fracture probability of separate components near
macrocrack S1n=(1, 0, 0)" with radius R=100a and center x°=(0, 0, 0) under ¢ = 0.4 and the step
radial function Eq. (87). In view of the large expenditure of computational time for the case of a fixed
inclusion, we will consider only the point x;=(0, R°—0.7a, 0)' with maximum conditional SIF
(K1l(@)|v1, x;) = max, taking into account that SIF fluctuation is a weak function of x; under |x;| < a.
We assume a Gaussian distribution of SIF with conditional average (K(z)|v, xi) (k = 0, 1) Eq. (27) and
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Fig. 7. Total (#(z)|v1, x,)/0 (solid and dotted curves) and a mean part #((K'(z)|v;, x1))/0 (dashed and dot—dashed curves) of the
energy release rate as a function of the inclusion location r/a for: R°=a (solid and dashed curves) and R°=0.53a (dot and dot—
dashed curves, respectively).
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Fig. 8. Fracture probability P=f*)(z, v, x) (k = 0, 1) as a function of dimensionless number & for located inclusions in the point
of maximum conditional average SIF (solid line) and for fixed matrix (dashed line).

the covariance matrix Eq. (80), which has diagonal form for our case being analyzed. The integration
domain in Eq. (79) (the region of safe loading) constitutes the union of an ellipsoidal domain and a
half-space Eq. (82). Fig. 8 shows the plots of fracture probability /*(z|v, x) (Eqs. (79) and (82)) (for k
= 1 and for £k = 0) as a function of the dimensionless number ¢ for ¢ = 0.4 and step conditional
probability densities (Eqgs. (87) and (89)). At first glance, it would seem strange that for a sufficiently
strong material, £ > 1.36 the fracture probability of the matrix is more than the fracture probability of
the inclusion, notwithstanding the fact that (K(z)|v;, x;) > 0 > (K(z)|vo, Xo). Such a result stands clear
when one takes into account the greater level of the SIF fluctuation inside the matrix (see Fig. 2).
Therefore, the fracture probability will be fundamentally determined by the maximum SIF fluctuations
(other than the conditional average SIF) over the region £>-1, which arouses considerable interest in
actual practice. For zero strength of the materials, /% )(z|vy, x¢) — 1—P{Ki(z|vr, x¢) < 0} and fPO(z|v,,
x1) — 0.97, fO(z|vy, x¢) — 0.28, which correlates well with our simplifying assumption that the material
will not fail under compression.

It is interesting to compare the numerical results just obtained by the use of a probabilistic model
with a deterministic model of fracture Eq. (66) near the macrocrack tip (R°=100a) { #(z)|v, Xi) =2y,
when the unit probability of the fracture occurs at & < 0.25 (k = 1) and & < 0.50 (kK = 0). With the use
of the conditional average SIF Eq. (70), one should expect fracture of the inclusion at ¢ < 0.12, while
fracture of the matrix is impossible. We see that the estimation of fracture probability may be defined
more exactly by the application of a more correct model Eq. (68).

It should be noted that all these values of ¢ are significantly below the quantity & =5.67 x 10* for the
SizN4—SiC composite; therefore, internal thermal stresses alone can not break down this specific
composite. In the case of additional action of external loading, the stress fluctuation can involve
decreasing the level of fracture loading (see, as an example, Lipetzky and Kreher, 1994), but the
consideration of this problem is beyond the scope of the present article.

11. Conclusion

The proposed analytical-numerical method is efficient from a computational standpoint and provides
a high-accuracy estimation of the energy release rate of a penny-shaped crack in the random field of an
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ellipsoidal inclusions with stress-free strains. We show the fundamental role of residual stress
fluctuations in the fracture mechanics of composite materials. However, it should be mentioned than
actual crack growth is more complicated than simply finding an extreme fluctuation along the crack
front, and spatial correlations of stress fields along the crack perimeter come into play here.
Furthermore, the numerical results are presented for statistically homogeneous media and the case of
graded materials (as well as a boundary value problem), when the concentration of inclusions depends
on the coordinates, is not considered. These effects can be estimated by the method proposed and will
be pursued in forthcoming papers by the author.
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Appendix A. Integral representations for SIF

The magnitudes of the the modes I, II and III SIFs K; (j = 1, 2, 3) at the given point z=(0, R cos ¢,
R¢sin )" along the front of a crack of radius R® due to an arbitrary distribution of the normal
traction p(po, @o) and the shear one t(py, ¢o) (arbitrary inclined to the y- and z-axes: t=1,+it)) are
given by the formulae (Fabrikant, 1989)

| P(po. Po)p
K (z) = Re2 — p? 0> 70770 dp, d
@)= chJ Jo VO T P R 2 — 2R cos(p — pg) 0 70

0

1 2 (K e "1(py. ¢y)
K K- = RC2 - p} "
2(z) + iK3(2) I J J m{ Re2 + p3 — 2R¢ cos(¢ — @)

0 Jo

v e?{3R — ppe " }2(py, @o)
2—v Re{Rc — poei(wﬂm))}Z

}Po dpy doy, (A1)

where an overbar denotes a complex conjugate.
According to Gao (1988) and Kachanov and Laures (1989), we change from polar coordinate (pg, ¢¢)
in the crack plane to the new coordinate (v, {)

-1
v = |:1+%l‘/R°2—p3] ,C:sin_l{%(,) sin((po—(p)}, (A2)

where d? =R"2+p8 —2R®p, cos(p, — @) is the square of the distance between the point (pg, @) and the
point (R, ¢) along the crack front. Then Eq. (A1) is converted to the integral form:

4 c (/2 1 2 3
«/ZR J J 2. ) (1 —=v)“cos{

Kitg) = PO T er

dv di,

T —n/2
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4VmRe (7?1 (1 =v)cose : 2v .
K>(z) + iK5(z) = —J J ~ T TP et T zei0=0
@ @ 2 —a2 Jo [(1 = v)* + 2P 2-v)
(A3)
—it V2 cos {
8 a_ i |[&%
1=v)y+v

which are non-singulars. Here, we correct some misprints made in the papers by Kachanov and Laures
(1989) and by Kachanov (1993) in Egs. (A2) and (A3).
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